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We study quantum-squeezing-enhanced weak-force sensing by using a nonlinear optomechanical
resonator, containing a movable mechanical mirror and an optical parametric amplifier (OPA).
We find that, by tuning OPA parameters, quantum noises can be significantly suppressed and the
force sensitivity can be largely enhanced, well surpassing the standard quantum limit. Our work
shows that, under realistic experimental conditions, ultrahigh-precision quantum force sensing can
be achieved by harnessing nonlinear optomechanical devices.
I. INTRODUCTION
Cavity optomechanics (COM) has emerged recently as
a versatile platform for both fundamental studies of light-
matter interactions and practical applications ranging
from optical communication to quantum metrology [1, 2].
Particularly, unprecedented sensitivity has been demon-
strated for COM sensors of mass [3, 4], acceleration [5, 6],
displacement [7–9] and ultraweak force [10–13]. For these
sensors, the standard quantum limit (SQL) [14], i.e., a
lower bound on the added uncertainties of measurement,
set by the balance between shot noise and backaction
noise, is generally viewed as a fundamental constrain
for their sensitivities. To surpass the SQL, quantum
non-demolition (QND) techniques [15–17] have been
utilized to provide sub-SQL sensitivity through using
pure quantum sources such as entanglement [18–22]
and squeezed states [23–29]. The example of squeezed
states was first studied by Kennard already in 1927 [30].
Nevertheless, the “explosion” of interest in squeezed
states hasn’t been triggered until 40 years ago, when their
first application for detecting gravitational waves was
found, via supersensitive interferometry [10, 23, 31, 32].
By injecting squeezed light into a COM resonator, sub-
SQL sensitivity has been successfully demonstrated in
experiments [33–36]. However, injection losses inevitably
exist, thus, hinder the ultimate performance of COM
sensors in practice.
To overcome this obstacle, very recently, COM sensing
with an intracavity optical parametric amplifier (OPA)
has been proposed to implement ultrahigh-precision
position detection [37]. The key advantage of this scheme
is that all information is imprinted on the deamplified
phase quadrature, therefore, induces limited suppression
of the signal but simultaneously brings about dramatic
decrease of the measured noise. For such a squeezed
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COM resonator, the SQL can be precisely reached at
a mechanical resonance without injection and quantum
information losses [37]. Furthermore, by considering an
OPA in a dissipative COM system, sub-SQL sensitivity
is also possible to be achieved [38]. Nevertheless, in these
previous works, the role of the optical phase (especially
the OPA pump phase) in further steering the sensitivity
has failed to be fully taken into account.
The aim of our paper is to fill this gap by using
squeezed optomechanics, i.e., inserting a degenerate
OPA into a dispersive COM cavity, and discussing the
influence of both OPA gain and pump phase on force
sensing. We show that by playing in concert the OPA
and COM parameters, quantum backaction noise can be
significantly suppressed and we can reach the sub-SQL
at smaller COM coupling without losing any quantum
efficiency. In contrast to previous studies [37], our study
focuses on the squeezed quadrature and we find that in
the limit where the linewidth of the cavity is much larger
than any measurement frequency of interest (κ ω) [39],
quantum information of the added force contained in
the amplitude quadrature can be ignored; thus, the
measured squeezed phase quadrature carries complete
information regarding the mechanical vibrations. Here
we focus on quadrature squeezing, but it should be
noted that other observable can be also squeezed (e.g.,
photon-number squeezing, which is commonly referred
to as sub-Poissonian photon-number statistics or photon
antibunching [40, 41]). Our research verifies that
squeezed COM devices are feasible and powerful enough
to achieve ultrahigh precision quantum measurement,
with practical applications in e.g., noninvasive sensing
or high-resolution imaging [42, 43].
II. MODEL AND SOLUTION
Figure 1 shows the schematics of intracavity squeezing
in an OPA-assisted Fabry-Pe´rot cavity. Previous
research on such squeezed COM systems has usually
been focused on enhanced mechanical cooling [46, 47]
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FIG. 1. (a) Schematics of the cavity optomechanical (COM) system consisting of a Fabry-Pe´rot cavity coupled to a degenerate
optical parametric amplifier (OPA). One or even two mirror coatings are usually directly placed on the spherical and polished
surfaces of the nonlinear crystal that generates the squeezed vacuum and produces parametric amplification [44, 45]. In this
setup, an external weak force Fex acting on the mechanical resonator can be measured with homodyne detection. (b) Frequency
spectrum of the OPA-assisted COM system. An input laser drives the optical cavity at frequency ωl, thus, a pump laser beam
with frequency 2ωl is applied to the degenerate OPA. The dashed curve shows the static frequency shift g0X¯ at the cavity
resonance because of radiation pressure.
or squeezing [48, 49], strong COM coupling [50], and
tunable normal-mode splitting [51]. We note that when
light pressure couples to a movable mirror, coherent
states are transformed into squeezed states of light [52],
and this type of squeezing is usually referred to as
ponderomotive squeezing [53]. However, ponderomotive
squeezing can be only used to evade back-action. Thus,
it is less extensive than externally injecting squeezed
light [54] or generating intracavity squeezing via cavity-
enhanced OPA [44]. Other approaches to generate
intracavity squeezing include, e.g., Kerr media [55–57] or
dissipative COM devices [58–60]. We also note that very
recently, optimal cavity squeezing up to 30 dB has been
predicted theoretically [61], and single label-free sensing
of nanoparticles as small as 25 nm has been demonstrated
at the quantum noise limit [62].
In our system, the cavity with resonant frequency ωa
and damping rate κ, is driven by an input beam ain at
frequency ωl. The left mirror is movable, which supports
a mechanical mode with frequency ωm and damping rate
γm. Initially, we introduce dimensionless displacement
and momentum operators of the mechanical mode
X = x/xzpf , P = p/pzpf ,
satisfying the commutation relation [X, P ] = i, where
xzpf =
√
~/mωm and pzpf =
√
~mωm are the zero-point
position and momentum fluctuations, m stands for the
effective mass of the mechanical mode, and x, p represent
the position and momentum operators, respectively. An
external force Fex is applied on the left-hand mirror
and the cavity adjoins the movable mirror with coupling
strength g0 = xzpfωa/L, where L is the length of the
cavity. When a pump field at frequency 2ωl interacts
with a second-order nonlinear optical crystal, the output
frequency becomes ωl [38]. The nonlinear gain G of the
degenerate OPA with pump phase θ is proportional to the
pump field. By introducing dissipation and noise terms,
the equations of motion can be written as
X˙ = ωmP,
P˙ = −ωmX − γmP − g0a†a+
√
2γm (fth + fex) ,
a˙ = −
(
i∆a +
κ
2
)
a− ig0Xa+ 2Geiθa† +
√
κain, (1)
where a (a†) denotes the annihilation (creation) operator
of the cavity mode, and ∆a = ωa − ωl is the detuning of
the input light frequency (ωa) with respect to the cavity
resonant frequency (ωl); ain characterizes the input field
driving the cavity, which fulfils [39, 47]〈
ain (t) a
†
in (t
′)
〉
= δ (t− t′) .
fth = ξ/
√
2~mγmωm and fex = Fex/
√
2~mγmωm are the
scaled thermal and external forces with zero mean values,
respectively. The Brownian thermal noise operator ξ
obeys the correlation function [63]:
〈ξ (t) ξ (t′)〉 = m~γm
∫
dω
2pi
e−iω(t−t
′)ω
[
coth
~ω
2kBT
+ 1
]
,
(2)
where kB is the Boltzmann constant and T is the mirror
temperature of the thermal bath. Additionally, if the
mechanical quality factor is large, Q = ωm/γm  1, the
Brownian noise ξ (t) describes a Markovian process that
is delta-correlated [63]
1
2 〈ξ (t) ξ (t′) + ξ (t′) ξ (t)〉 ' m~ωmγm (2n¯+ 1) δ (t− t′) ,
(3)
where n¯ = [exp (~ωm/kBT )− 1]−1 is the mean thermal
phonon number. Under the approximation of thermal
equilibrium and taking the classical limit ~ωm 
kBT [14], the scaled thermal force obeys [39]
〈fth (t) fth (t′)〉 = (kBT/~ωm) δ (t− t′) .
3In an attempt to solve the Heisenberg-Langevin (HL)
equations, we expand each operator as the sum of its
steady-state value and a small fluctuation, i.e., P = P¯ +
δP , X = X¯+ δX, a = α+ δa, and ain = αin + δain. Here
we choose the input field as the zero-phase reference, i.e.,
αin = |αin| =
√
Pin/~ωl with Pin being the input laser
power [38]. By setting all the time derivatives to zero,
the steady-state values of the dynamical variables can be
obtained as P¯ = 0, X¯ = −g0α∗α/ωm and
α =
√
καin
2σ
(
κ− 2i∆ + 4Geiθ) = |α| eiφ, (4)
where σ = κ2/4 + ∆2 − 4G2 and ∆ = ∆a + g0X¯ denotes
the effective cavity detuning. Therefore, the phase of the
intracavity amplitude becomes
φ = arctan
(
4G sin θ − 2∆
4G cos θ + κ
)
. (5)
We define the standard amplitude and phase quadra-
tures of the cavity field as
xa =
(
a+ a†
)
/
√
2, pa =
(
a− a†) /(√2i) ,
and similar definitions are held for quadratures of input
and output fields. For simplicity, we set the integral
constants to zero and neglect the higher-order terms
δa†δa and δXδa, then the linearised equations can be
written as (a similar matrix form is given in Ref. [48])
v˙ = Cv + Avin. (6)
The operator vectors are v = (X,P, xa, pa)
T
and vin =(
0, fin, x
in
a , p
in
a
)T
, where fin = fth + fex, and superscript
T represents the transpose of a matrix. The coefficient
matrix C and the noise matrix A are given by
A =
 0 0 0 00 √2γm 0 00 0 √κ 0
0 0 0
√
κ
 ,
C =
 0 ωm 0 0−ωm −γm −g cosφ −g sinφg sinφ 0 C− S+
−g cosφ 0 S− −C+
 , (7)
where C± = 2G cos θ ± κ/2, S± = 2G sin θ ± ∆, and
g =
√
2g0 |α| is the effective linearised optomechanical
coupling strength.
The system is stable only if all the eigenvalues λ of
the matrix C have negative real parts [64]. It is well
known that the characteristic equation |C− λI| = 0 can
be reduced to
λ4 + C3λ
3 + C2λ
2 + C1λ+ C0 = 0.
Hence, we obtain the stability conditions of the system
from the Routh-Hurwitz criterion [64]
0 < C3,
0 < C3C2 − C1,
0 < C3C2C1 −
(
C21 + C
2
3C0
)
. (8)
Specifically, all the external parameters should be chosen
to satisfy the stability conditions in Eq. (8), where the
coefficients of the characteristic equation can be given by
C3 = κ+ γm,
C2 = ω
2
m + κγm + σ,
C1 = κω
2
m + σγm,
C0 = σω
2
m + 2g
2Gωm sin (2φ− θ)− g2ωm∆. (9)
If taking the Fourier transform of Eq. (6), we obtain
equations of motion in the frequency domain
−iωv˜ = Cv˜ + Av˜in, (10)
where v˜ ≡ v (ω) and v˜in ≡ vin (ω).
Using the input-output relations [65]
pouta =
√
κpa − pina , xouta =
√
κxa − xina , (11)
we solve the output phase and amplitude operators from
Eq. (10)
p˜outa = gf−χ−χm
√
2κγmf˜in + (χ−κ− 1) p˜ina
+ µ+λ+χ−κx˜ina , (12a)
x˜outa = gf+χ+χm
√
2κγmf˜in + (χ+κ− 1) x˜ina
+ µ−λ−χ+κp˜ina , (12b)
where
f− (ω) = µ+λ+ sinφ− cosφ,
f+ (ω) = sinφ− µ−λ− cosφ,
χ± (ω) =
(
λ−1± − µ+µ−λ∓
)−1
,
µ± (ω) = ∓∆ + 2G sin θ ± g2χm cos2 φ,
λ± (ω) =
[
χ−1 ∓ 2G cos θ ± 12g2χm sin (2φ)
]−1
. (13)
We define f˜r ≡ fr (ω), s˜ua ≡ sua (ω), where s = x, p,
u = in, out, and r = in, th, ex, add. The susceptibilities
of the cavity field and the mechanical oscillator are
respectively defined as [47]
χ (ω) = (κ/2− iω)−1 ,
χm (ω) = ωm
(
ω2m − ω2 − iωγm
)−1
. (14)
Experimentally, when the output optical field, de-
scribed by the annihilation operator aout (t), impinges
upon a semiconducter photodiode, photons in the output
field are converted into photoelectrons, generating a
photocurrent that can be described by a detected field
operator idet, given by [14]
idet = |αLO|
(
eiϕa†out + e
−iϕaout
)
=
√
2 |αLO|xϕa,out, (15)
where ϕ and αLO respectively correspond to the phase
and amplitude of the local oscillator, which are arbitrary
4(see Appendix C for more details). As depicted in
Figure 1, homodyne detection is a phase-referenced
technique, where direct measurement of an optical field
produces a stochastic photocurrent that is proportional
to the rotated quadrature xϕa,out and the measured
quadrature is dependent on the phase of the local
oscillator αLO. However, the amplitude αout of the
output field is real when the optomechanical system
consists of a single cavity and a mechanical oscillator
without detuning (∆ = 0). In this case, direct detection
is ineffective, since there is no mechanical information
on the amplitude quadrature. Consequently, we choose
to detect the output phase quadrature solely, i.e., ϕ =
pi/2. According to Eq. (12a), the external force can be
expressed as
F =
1
Ff (ω)
x
pi/2
a,out =
1
Ff (ω)
p˜outa = f˜ex + f˜add. (16)
Thus, the noise of the added force is
fadd (ω) = f˜th +Xa (ω) x˜
in
a + Pa (ω) p˜
in
a , (17)
where
Xa (ω) = (µ+λ+χ−κ) /Ff ,
Pa (ω) = (χ−κ− 1) /Ff ,
Ff (ω) = gf−χ−χm
√
2κγm. (18)
We use the symmetric part of the added noise power
spectral density SFF to characterize the sensitivity of the
force measurement, given by (see Appendix C for more
details)
SFF (ω) =
kBT
~ωm
+
1
2
|Xa (ω)|2 + 1
2
|Pa (ω)|2 , (19)
where the bath cross correlated terms of the measured
symmetrised power spectral density are cancelled out.
The first term of SFF (ω) represents the thermal
Brownian noise. The second term is the back-action
noise, which is proportional to the input power Pin and
the square of the coupling strength g2. The third term
denotes the shot noise that is inversely proportional
to the input power Pin. Since beating the SQL in
an optomechanical sensor by cavity detuning has been
studied in Ref. [66] and the highest parametric gain is
achieved at the cavity resonance [53], in the following,
we neglect thermal noise and other technical noises and
restrict our discussion to the case of ∆ = 0. We note
that the idea of utilizing a nondegenerate OPA-assisted
COM to circumvent measured backaction and surpass the
SQL has been proposed [39]. This scheme is based on an
antinoise process (using an oscillator with an effective
negative mass) via destructive quantum interference,
i.e., the so-called coherent quantum noise cancellation
(CQNC) [67, 68].
In order to compare force sensing with and without
OPA, we first concern about force sensing of a standard
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FIG. 2. (a) Noise power spectral density SFF/SSQL is plotted
as a function of the scaled square of the coupling strength
g2/g2SQL and of the OPA parametric gain G. The gray solid
line corresponds to the non-OPA case. (b) Illustration of the
phase φ of the intracavity field versus the OPA parameters:
the phase θ and gain G in the limits of the damping rate κ.
COM system at a resonant frequency. For such a scheme,
the sensitivity cannot surpass the SQL without an OPA
[see Figure 2(a)]. Moreover, if we assume the linewidth
of the cavity to be much larger than any measurement
frequency of interest, κ  ω, the noise spectral density
can be simplified as follows [25, 39]
SstFF =
g2
κγm
+
1
16
κ
g2γm
1
|χm|2
. (20)
Thus, we obtain
SstFF ≥
1
2γm |χm| = SSQL, g
2
SQL =
κ
4 |χm| . (21)
Subsequently, we study the case of the zero pump
phase (θ = 0) of the COM system with an OPA. In this
case, the noise power spectral density SFF can be reduced
to
SFF (θ = 0) =
g2κ
4γm (κ/2− 2G)2
+
(κ/2− 2G)2
4κγmg2 |χm|2
. (22)
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Therefore, we also have SFF (θ = 0) ≥ 1/ (2γm |χm|) =
SSQL, indicating that the detection sensitivity still
cannot surpass the SQL when θ = 0. As Figure 2(a)
shows, in the absence of OPA (G/κ = 0), the minimum
of SFF/SSQL equals to 1 when the coupling strength is
g = gSQL. The optimal COM parameter gopt can be
obtained by solving |Xa| = |Pa|, which gives
g
(θ=0)
opt =
|κ− 4G|
2
√
κ |χm|
. (23)
From the analyses made above, we have identified
that it is impossible for weak-force sensing to exceed
the SQL with non-OPA or θ = 0. As depicted in
Figure 2(a), owing to the reduction of shot noise, SFF first
decreases with the COM coupling strength increasing
until the turning point (corresponding to SFF = SSQL);
then, the backaction noise is dominant, leading SFF
to increase. Hence, the SQL can be reached at the
minimum point g = gopt and the optimum coupling
strength can be lowered by adjusting the OPA pump
gain G. In calculations, we use experimentally accessible
parameters [14], i.e., ωl/2pi = 2 × 1014 Hz, γm/2pi =
1 kHz, ωm/2pi = 10 MHz, κ/2pi = 10 MHz, and g0/2pi =
100 Hz.
To overcome the SQL, we study the impact of the OPA
pump phase on weak-force sensing. Figure 3 shows the
sensitivity as the functions of g2/g2SQL and the parametric
gain G in the low-frequency domain. Specifically, as
depicted in Figure 3(a), the sensitivity can be improved
more than twice with an OPA when choosing appropriate
parameters and the coupling strength required to
increase the sensitivity to be much smaller than gSQL.
Additionally, according to Eqs. (13), (18), and (19), we
are likely to enhance the detection sensitivity by tuning
sin θ to satisfy 2G sin θ+g2χm cos
2 φ ≈ 0, for suppressing
the back-action noise to the limit. Furthermore, we
utilize sin θ < 0 in Figure 3(b) to reduce quantum noises
and improve the measurement accuracy. In Figure 4,
we consider the variation of the optimal noise spectral
density SFF(ω) with the increase of the frequency ω,
analogously similar to the corresponding illustration in
Ref. [39]. Here we set the OPA pump gain as G/κ = 0.2.
As Figure 4(a) shows, the SQL can be well suppressed
at frequencies below the mechanical resonance, i.e., we
can increase the force sensitivity by nearly two-orders of
magnitude in the low-frequency domain.
From what has been discussed above, it would be
reasonable to overcome the SQL by tuning the OPA
pump phase. However, because of this nonzero pump
phase, the amplitude and phase operators become
correlated (see Appendix B), causing a loss of quantum
efficiency which cannot be ignored. For instance, the
dashed curve in Figure 2(b) illustrates the case of θ =
φ = 0, in which xa and pa are decoupled, circumventing
quantum efficiency losses successfully, but a loss of
mechanical-mode information is inevitable on both sides
of the dividing line, where the intracavity field phase
is exactly opposite. Additionally, as the frequency
increases, there is an unavoidable quantum efficiency loss
shown in Figure 4. Note that, although backaction noise
is reduced or even canceled in a nondegenerate OPA
system based on CQNC [39], the measured squeezed
quadrature does not contain all the mechanical-mode
information and there is still a limited loss of quantum
efficiency. Nonetheless, in the specific regime when κ 
ω and ∆ = 0, we are able to achieve quantum noises
reduction without losing mechanical-mode information.
In the limit of κ ω, according to Eq. (13), we find
µ+λ+ ≈ 4G sin θ + 2g
2χm cos
2 φ
κ− 4G cos θ + g2χm sin (2φ) ,
µ−λ− ≈ 4G sin θ − 2g
2χm sin
2 φ
κ+ 4G cos θ − g2χm sin (2φ) . (24)
Hence, we obtain tanφ = µ−λ− and cotφ 6= µ+λ+,
i.e., f+ = 0 and f− 6= 0. According to Eq. (12), the
output amplitude quadrature xouta does not contain fin;
thus, the detected squeezed quadrature carries all of the
mechanical quantum information.
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III. CONCLUSIONS AND DISCUSSION
In conclusion, we have investigated weak-force sensing
in a squeezed cavity and theoretically showed that (i)
the SQL cannot be surpassed in the case of G = 0
or θ = 0, (ii) the measurement precision of weak-force
detection can be remarkably improved at the coupling
strength smaller than gSQL by tuning the parametric
phase and gain, and (iii) under the approximation of
κ  ω, quantum noise can be reduced without losing
mechanical-mode information. Our work provides new
insight in strengthening the sensitivity of a force sensor
with the assistance of intracavity squeezing, which can
be also extended into other systems of quantum sensing
with e.g., waveguide [69, 70] or interferometer [71]. In the
future, we plan to extend our work to study the weak-
force measurement with the help of two-mode squeezing
or quantum entanglement [72, 73], squeezed mechanical
modes [74, 75], or squeezed sources in hybrid COM
devices [76, 77].
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APPENDIX A: DERIVATION OF THE
EFFECTIVE HAMILTONIAN
To realize weak-force sensing with OPA, we assume
that only one optical mode is coupled to the mechanical
mode. Thus, the Hamiltonian of the COM system can
be described as
H0 = ~ωaa†a+
p2
2m
+
1
2
mω2mx
2 + ~
ωa
L
xa†a
+ i~G
(
eiθa†2e−2iωlt − e−iθa2e2iωlt) , (A1)
where x and p refer to the position and momentum
operators of the vibrating mechanical oscillator having
an effective mass m and an angular frequency ωm. In
addition, a and a† are the annihilation and creation
operators of the cavity mode, respectively, while ωa is the
optical resonant frequency. We have furthermore used G
to denote the nonlinear gain of degenerate OPA with
θ being the phase of the pump field driving the OPA
medium.
In a frame rotating at the incoming laser frequency ωl
with ∆a = ωa−ωl, Hamiltonian (A1) is transformed into
H = −i~U dU
†
dt
+ UH0U
†, (A2)
via the unitary transformation U (t) = exp
(
iωla
†at
)
.
Using the relation
eABe−A = B + [A,B] +
1
2!
[A, [A,B]] + · · · (A3)
we obtain [46, 51]
H = ~∆aa†a+ ~
ωa
L
xa†a+
p2
2m
+
1
2
mω2mx
2
+ i~G
(
eiθa†2 − e−iθa2) . (A4)
For the sake of simplicity, we define dimensionless
position and momentum operators of the mechanical
mode as X = x/xzpf , P = p/pzpf , where xzpf and pzpf
are the standard deviations of the zero-point motion
and momentum of the oscillator, respectively, xzpf =√
~/ (mωm), pzpf =
√
~mωm, and the operators X and
P satisfy the commutation relation [X,P ] = i. Thus,
Hamiltonian (A4) can be rewritten as follows
H = ~∆aa†a+
~
2
ωm
(
X2 + P 2
)
+ ~g0a†aX
+ i~G
(
eiθa†2 − e−iθa2) , (A5)
where g0 = xzpfωa/L represents the single photon
coupling strength of the COM interaction. The first
7and second terms in Eq. (A5) denote the sum of the
free energy of the cavity field and the mechanical mode
without external forces, respectively. And the last two
terms respectively describe the COM interaction and the
contribution of an OPA.
In the Heisenberg picture, the dynamics of an operator
O of a quantum system can be determined via the
Heisenberg equation of motion
O˙ (t) = 1
i~
[O (t) , H (t)] . (A6)
By introducing dissipation and noise terms, we have
X˙ = ωmP,
P˙ = −ωmX − γmP − g0a†a+
√
2γm (fth + fex) ,
a˙ = −i (∆a + g0X) a+ 2Geiθa† − κ
2
a+
√
κain, (A7)
where κ and γm are the decay rates of the optical cavity
and the mechanical oscillator, respectively. The input
noise operator ain (t) fulfills the correlation relations [39,
47] 〈
a†in (t) ain (t
′)
〉
= 0,〈
ain (t) a
†
in (t
′)
〉
= δ (t− t′) ,
〈ain (t) ain (t′)〉 =
〈
a†in (t) a
†
in (t
′)
〉
= 0. (A8)
Moreover, fth and fex represent the scaled thermal and
external forces given, respectively, by
fth =
ξ√
2~mγmωm
, fex =
Fex√
2~mγmωm
, (A9)
where ξ and Fex are the corresponding thermal and
external forces, respectively.
When the mechanical resonator is in thermal equilib-
rium at environment temperature T , the Bose-Einstein
statistics determines the occupancy probability p (n) of
each energy level, given by
p (n) = δn (1− δ) , (A10)
where δ = exp [−~ωm/ (kBT )]. Therefore, the mean
number n¯ of phonons in thermal equilibrium is
n¯ =
∞∑
n=0
np (n) =
(
δ−1 − 1)−1 . (A11)
In the high temperature limit of kBT  ~ωm, Eq. (A11)
can be simplified to the familiar expression
n¯ ≈ kBT
~ωm
, (A12)
and according to Eq. (3), the thermal noise force satisfies
the correlation function as follows [39]
〈ξ (t) ξ (t′)〉 = 2mγmkBTδ (t− t′) . (A13)
Combining Eq. (A9) with Eq. (A13), we obtain
〈fth (t) fth (t′)〉 = kBT~ωm δ (t− t
′) , (A14)
hence, Eq. (A14) becomes [39]
〈fth (t) fth (t′)〉 = n¯δ (t− t′) . (A15)
APPENDIX B: LINEAR RESPONSE
To solve the equations of motion, we linearize
the operators around the steady-state values(
X¯, P¯ , α, f¯th, f¯ex, αin
)
, i.e., insert the ansatz
X = X¯ + δX, P = P¯ + δP,
a = α+ δa, fth = f¯th + δfth,
fex = f¯ex + δfex, ain = αin + δain, (B1)
into Eq. (A7), and retain only the first-order terms, then
we obtain
X˙ = ωmP,
P˙ = −ωmX − γmP − g0
(
α∗a+ αa†
)
+
√
2γmfin,
a˙ = −
(
i∆a +
κ
2
)
a− ig0
(
X¯a+ αX
)
+ 2Geiθa† +
√
κain.
(B2)
where fin = fth + fex and we consider the thermal and
external noises average to 0. For simplicity, we set the
integral constants to zero.
When all time derivatives vanish, the steady-state
values fulfill the self consistent equations
0 = ωmP¯ ,
0 = −ωmX¯ − γmP¯ − g0α∗α,
0 = −
(
i∆a +
κ
2
)
α− ig0X¯α+ 2Geiθα∗ +
√
καin. (B3)
By solving Eq. (B3), we have P¯ = 0, X¯ = −g0α∗α/ωm,
and obtain
α =
√
κ
2∆
{[
κ− 2i (∆a + g0X¯)]αin + 4Geiθα∗in} . (B4)
Thus, the solution of the steady-state can be given by
P¯ = 0, X¯ = −g0na/ωm, and
α =
√
κ
2σ
[
(κ− 2i∆)αin + 4Geiθα∗in
]
= |α| eiφ. (B5)
where σ = κ2/4 + ∆2 − 4G2 and φ is the phase of the
intracavity field. We have defined the effective detuning
(∆ = ∆a+g0X¯) and the mean intracavity photon number
(na = |α|2).
Since phase is relative while phase difference is
absolute, we focus on the phase difference between
the external and internal optical fields and choose the
8incoming field as the zero phase reference, i.e., αin =
|αin| =
√
Pin/~ωl, where Pin denotes the input laser
power [38]. Thus, Eq. (B5) can be simplified to the
following expression
α =
√
καin
2σ
(
κ− 2i∆ + 4Geiθ) = |α| eiφ. (B6)
The assumption that αin is real makes the phase φ
dependent on κ, G, ∆, and θ, as follows
φ = arctan
(
4G sin θ − 2∆
4G cos θ + κ
)
. (B7)
To obtain the solutions of Eq. (B2), we define
the quadratures of input/output fields as xua =(
au + a
†
u
)
/
√
2 and pua =
(
au − a†u
)
/
(√
2i
)
, where u =
in, out. Then Eq. (B2) can be rewritten as
X˙ = ωmP, (B8a)
P˙ = −ωmX − γmP − g (xa cosφ+ pa sinφ)
+
√
2γmfin, (B8b)
x˙a = S+pa + C−xa + gX sinφ+
√
κxina , (B8c)
p˙a = S−xa − C+pa − gX cosφ+
√
κpina , (B8d)
where C± = 2G cos θ ± κ/2, S± = 2G sin θ ± ∆
and g = g0
√
2na represents the effective linearized
optomechanical coupling rate. From Eqs. (B8c) and
(B8d), we can see when inserting a degenerate OPA
medium into the Fabry-Pe´rot cavity, the amplitude and
phase quadratures are independent only if ∆ = θ = 0.
Using the Fourier transform of Eq. (B8), we obtain the
equations of motion in the frequency domain
−iωX˜ = ωmP˜ ,
−iωP˜ = −ωmX˜ − γmP˜ − g (x˜a cosφ+ p˜a sinφ)
+
√
2γmf˜in,
−iωx˜a = S+p˜a + C−x˜a + gX˜ sinφ+
√
κx˜ina ,
−iωp˜a = S−x˜a − C+p˜a − gX˜ cosφ+
√
κp˜ina , (B9)
where o˜ ≡ o (ω), s˜a ≡ sa (ω), s˜ua ≡ sua (ω), o = X, P , and
s = x, p.
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By solving Eq. (B9), we obtain
x˜a = gf+χ+χm
√
2γmf˜in + χ+
√
κx˜ina
+ µ−λ−χ+
√
κp˜ina ,
p˜a = gf−χ−χm
√
2γmf˜in + χ−
√
κp˜ina
+ µ+λ+χ−
√
κx˜ina , (C1)
and define f˜r ≡ fr (ω) with r = in, th, ex, add, where χ,
χm, χ±, µ±, λ±, and f± have been defined in Eqs. (13)
and (14). Using the input-output relations [65]
p˜outa =
√
κp˜a − p˜ina , x˜outa =
√
κx˜a − x˜ina , (C2)
the quadratures of the output fields are given by
x˜outa = gf+χ+χm
√
2κγmf˜in + µ−λ−χ+κp˜ina
+ (χ+κ− 1) x˜ina ,
p˜outa = gf−χ−χm
√
2κγmf˜in + µ+λ+χ−κx˜ina
+ (χ−κ− 1) p˜ina . (C3)
Here, we describe the outcoming optical field and the
laser field with the annihilation operators aout (t) and
aLO (t). When they interact with a 50/50 beam splitter
simultaneously, extracavity photons can be transformed
into photoelectrons, generating two photocurrents
ik (t) = nk (t) = a
′†
k (t) a
′
k (t) , (C4)
where k = 1, 2 and nk are the photon number operators
measured in the two detectors. Making the parametric
approximation for the photon number of the laser field,
〈nLO〉  1, we have aLO ≈ αLO, where αLO denotes the
amplitude of the local oscillator. In homodyne detection,
the relations between aout, aLO and a
′
k are expressed as
a′1 =
1√
2
(aout − aLO) ≈ 1√
2
(aout − αLO) ,
a′2 =
1√
2
(aout + aLO) ≈ 1√
2
(aout + αLO) . (C5)
We measure the difference of the intensities, which can
be written as
idet = i2 − i1 = α∗LOaout + αLOa†out
= |αLO|
(
e−iϕaout + eiϕa
†
out
)
, (C6)
where ϕ is the phase of the local oscillator. Thus, the
values of ϕ and |αLO| can be arbitrary.
We define dimensionless quadrature operators xϕa,out
and pϕa,out rotated by a phase angle ϕ from x
out
a and p
out
a
as follows
xϕa,out =
1√
2
(
a†oute
iϕ + aoute
−iϕ
)
= xouta cosϕ+ p
out
a sinϕ,
pϕa,out =
i√
2
(
a†oute
iϕ − aoute−iϕ
)
= pouta cosϕ− xouta sinϕ, (C7)
which obey the commutation relation
[
xϕa,out, p
ϕ
a,out
]
= i.
Thus, we obtain the detected field operator
idet (t) =
√
2 |αLO|xϕa,out. (C8)
We use ψ to describe the phase of the outcoming field,
and Eq. (B6) yields for the expression of ψ via the input-
output relation [65]
αout =
√
κα− αin
=
καin
2σ
(
κ− 2i∆ + 4Geiθ)− αin
= |αout| eiψ. (C9)
9For the assumption that αin is real, ψ is dependent on κ,
G, ∆, and θ,
ψ = arctan
(
2Gκ sin θ −∆κ
2Gκ cos θ + σ′
)
, (C10)
where σ′ = κ2/4−∆2 + 4G2.
In the specific case of an optomechanical system
without detuning and OPA (∆ = G = 0), we obtain
φ = ψ = 0 from Eqs. (B7) and (C10), so µ±, λ±, and χ±
can be simplified to
µ+ = g
2χm, µ− = 0,
λ± = χ± = χ = (κ/2− iω)−1 . (C11)
Thus, Eq. (C3) can be written as x˜outa = κ+x˜
in
a /κ− and
p˜outa =
g2χmκ
κ2−
x˜ina +
κ+
κ−
p˜ina −
gχm
√
2κγm
κ−
f˜in. (C12)
where κ± = κ/2±iω. Apparently, there is no mechanical-
mode information on the amplitude quadrature and we
focus upon only the case where ϕ = pi/2, so that the total
external force can be expressed as
F =
1
Ff (ω)
x
pi/2
a,out =
1
Ff (ω)
p˜outa = f˜ex + f˜add
= f˜th +Xa (ω) x˜
in
a + Pa (ω) p˜
in
a , (C13)
where Xa (ω), Pa (ω), and Ff (ω) have been defined in
Eq. (18). Then, we have obtained the induced force
fadd (ω) = f˜th +Xa (ω) x˜
in
a + Pa (ω) p˜
in
a . (C14)
Moreover, we find that X∗a (ω) = Xa (−ω), P ∗a (ω) =
Pa (−ω).
The sensitivity of force measurement is commonly
characterized through the noise power spectral density
SFF, which is given by [24]
SFF (ω) =
∫
dω′ 〈fadd (ω) fadd (ω′)〉 . (C15)
Utilizing the correlation functions of the input vacuum
noise [24]
〈
xina (ω)x
in
a (ω
′)
〉
=
〈
pina (ω) p
in
a (ω
′)
〉
=
1
2
δ (ω + ω′) ,〈
xina (ω) p
in
a (ω
′)
〉
= − 〈pina (ω)xina (ω′)〉 = i2δ (ω + ω′) ,
(C16)
we obtain the symmetrised noise spectral density
S¯FF (ω) =
SFF (ω) + SFF (−ω)
2
=
kBT
~ωm︸ ︷︷ ︸
thermal noise
+
1
2
|Xa (ω)|2︸ ︷︷ ︸
backaction noise
+
1
2
|Pa (ω)|2︸ ︷︷ ︸
shot noise
.
(C17)
For simplicity, S¯FF is written as SFF in the main text.
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